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We present a general method to detect nonclassical radiation fields with systems of on-off detec-
tors. We especially study higher order correlations for the identification of nonclassical radiation.
This allows us to directly characterize quantum correlations by the statistics measured with sys-
tems of on-off detectors. Additionally, we generalize our method to multiple detector systems for
measurements of correlations between light fields. We also consider multi-mode radiation fields and
isolate nonclassicality in terms of the space time correlations. Finally, we present results for the
quantum statistics using on-off detectors operating in nonlinear detection modes.
PACS numbers: 42.50.Ar, 03.65.Wj,42.50.-p
I. INTRODUCTION
The production of nonclassical radiation and novel
measurement devices have become more and more im-
portant to test and apply the quantum phenomena of
light. Hence, a careful measurement analysis is required
to distinguish classical correlations from those arising
from quantum physics. Especially, single photon detec-
tion is of fundamental interest.
The photoelectric detection of radiation is typically
given in the quantum version of a Poisson statistics,
pn =
〈
:
(ηnˆ)n
n!
exp [−ηnˆ] :
〉
, (1)
where : . . . : denotes the normal ordering and η the quan-
tum efficiency [1–3]. An identifier for a nonclassical pho-
toelectric counting statistics is given by the Mandel pa-
rameter, QM = 〈(∆n)2〉/〈n〉 − 1, in terms of the mean
value and the variance [4]. This second order moment cri-
terion has been generalized to higher order correlations,
cf., e.g. [5–9], which can detect quantum correlations be-
yond those of the Mandel parameter.
A common method to perform measurements in the
single photon regime is done with detector systems,
which are based on avalanche photo diodes in the Geiger
mode. The signal of such detectors is a bit of informa-
tion: ”click” or ”no-click” if photons are detected or not.
Examples for such systems are detector arrays or (time-
bin) multiplexing setups; see, e.g. [10–18].
It has been shown that these detectors have to be de-
scribed by a quantum version of a binomial statistics [19],
ck=
〈
:
N !
k!(N − k)!
(
exp
[
−ηnˆ
N
])N−k(ˆ
1− exp
[
−ηnˆ
N
])k
:
〉
,
(2)
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rather than a Poisson form. On this basis one can for-
mulate a binomial parameter [20],
QB = N
〈(∆c)2〉
〈c〉(N − 〈c〉) − 1, (3)
where the variance and the mean value of the click count-
ing statistics are used. If this parameter becomes neg-
ative, then the measured system is nonclassical, which
recently has been experimentally demonstrated [21].
Alternatively, CCD cameras have been used to iden-
tify quantum correlations between pixels of the image.
Surprisingly, EPR correlations can be directly observed
in this system [22–26]. Moreover, a reconstruction of
the state together with its nonclassical features has been
done using CCD image sensors [27–30]. Another kind of
photon number resolving detectors is based on supercon-
ducting systems, cf. e.g. [31].
For other detection scenarios a generalization of sec-
ond order criteria has been done. Higher order field and
intensity correlations have been described [5–7, 9, 32–
35]. Here, it turns out that principal minors of matrix
of moments yield a range of applicable conditions. Even
for space time dependent correlations one can construct
such a general approach [8].
In this article, we aim to describe a general measure-
ment scenario; cf. Fig. 1. A source emits nonclassically
correlated light in different directions. The beams will be
detected with one out of D individual on-off detector sys-
tems. Each of the detector configurations itself consists
of Nd (d = 1, . . . , D) on-off detectors. The coincident
click counting statistics ck1,...,kD of the joint measure-
ment will be described in such kinds of setups. We will
derive criteria for nonclassical correlations between the
emitted light beams, which are solely based on the mea-
sured statistics itself. We also study detectors whose re-
sponse is described through general detection processes.
For a recent work on the determination of statistics using
two photon detectors see [36].
We are going to establish a generalized method to
identify nonclassical correlations based on higher orders
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FIG. 1: (Color online) The detection of correlated light is
schematically shown for D=2 detectors. Light is emitted from
a source and split in a multiplexing scheme. Both detectors
consists of N1=N2=4 individual click detectors. The indi-
vidual number of clicks are summed for each detector. This
results in a joint click counting statistics ck1,k2 .
moments of the click-scounting statistics and we will
progress to a more general detection process description.
In Sec. II, we consider higher order moments of the statis-
tics. A matrix of moment criterion will be constructed
for the identification of nonclassical radiation. We study
correlation measurements between multiple detector sys-
tems in Sec. III. This will allow to detect nonclassical
correlations between light fields. In Sec. IV we generalize
the treatment to arbitrary radiation fields. In particular,
we deal with multimode radiation fields and isolate non-
classicality in terms of the space time correlations. We
prove that the binomial form of the click counting statis-
tics will not be changed even for nonlinearly responding
detectors. We conclude in Sec. V.
II. HIGHER ORDER QUANTUM
CORRELATIONS
Let us start with a single mode light field and a linearly
responding detector. We may define the operator,
pˆi = 1ˆ− exp
[
−ηnˆN
]
. (4)
The expectation value of this operator yields the average
number 〈c〉 of clicks divided by the number N of diodes.
The click counting statistics,
ck =
〈
:
N !
k!(N − k)! pˆi
k
(
1ˆ− pˆi)N−k :〉 , (5)
for k ∈ {0, . . . , N}, can be fully characterized by its gen-
erating function:
g(z) =
N∑
k=0
ckz
k = 〈: (zpˆi + [1ˆ− pˆi])N :〉. (6)
Now, the mth factorial moment of the click-counting
statistic can be related to the moments 〈:pˆim:〉 (for m =
0, . . . , N) by the following relation:
N∑
k=0
k(k − 1) . . . (k −m+ 1)ck
=
∂mg(z)
∂zm
∣∣∣∣
z=1
=
N !
(N −m)! 〈:pˆi
m:〉. (7)
Note that the polynomial x(x− 1) . . . (x−m+ 1), which
occurs in this formula, is known as the Pochhammer sym-
bol. It uniquely relates the moments of pˆi with those of
the measured click counting statistics, which are defined
as
〈cm〉 =
N∑
k=0
kmck for m = 0, . . . , N. (8)
Moreover, let us stress that Eq. (7) shows that the mo-
ments 〈:pˆim:〉 can be directly obtained from the measured
statistics ck,
〈:pˆim:〉 = (N −m)!
N !
N∑
k=0
k(k − 1) . . . (k −m+ 1)ck. (9)
This means that no artificial data processing is needed.
Now, we may consider an operator function fˆ , which
is based on these moments,
fˆ =
bN/2c∑
m=0
fmpˆi
m, (10)
where the floor function yields bN/2c = N/2 for even
N and bN/2c = (N − 1)/2 for odd N . The floor func-
tion is needed to bound the number of moments from
above by N in the following steps. Immediately, one gets
conditions which must be fulfilled for classical states:
0 ≤〈:fˆ†fˆ :〉 =
bN/2c∑
m,m′=0
f∗mfm′〈:pˆim+m
′
:〉. (11)
Equivalently, all principal minors of the matrix of mo-
ments M are positive semidefinite, with
0 ≤M =
(
〈:pˆim+m′ :〉
)bN/2c
m,m′=0
. (12)
A violation of this positive semidefiniteness would imply
that the measured quantum state is a nonclassical one.
As an example, let us consider the leading 2×2 minor:
det
(〈:pˆi0:〉 〈:pˆi1:〉
〈:pˆi1:〉 〈:pˆi2:〉
)
= det
(
1 〈c〉N
〈c〉
N
〈c2〉−〈c〉
N(N−1)
)
(13)
=
N(〈c2〉 − 〈c〉2)− 〈c〉(N − 〈c〉)
N2(N − 1) =
〈c〉(N − 〈c〉)
N2(N − 1) QB.
3This minor is negative if and only if QB < 0. Hence,
from the general matrix of moment criteria, the second
order already represents the binomial QB parameter.
Higher orders of moments allow a detection beyond
this second order criteria. In Fig. 2, we consider the
identification of quantum properties for a single photon
added thermal state [5, 37],
aˆ†ρˆthaˆ
tr (aˆ†ρˆthaˆ)
=
1
(n¯+ 1)2
∞∑
n=1
n
(
n¯
n¯+ 1
)n−1
|n〉〈n|. (14)
The parameter n¯ denotes the mean photon number of
the initial thermal state ρˆth. Since the mth moments
scales roughly with 1/Nm, we scaled the individual mi-
nors. We see in Fig. 2, that different minors violate the
positive semi-definiteness condition in Eq. (12) for dif-
ferent values of n¯. Especially for regions where the QB
parameter (leading principal 2 × 2 minor) fails to verify
nonclassicality, we demonstrate the advantage of higher
order correlations for the identification of quantum prop-
erties.
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FIG. 2: (Color online) A detector with N = 8 diodes with a
quantum efficiency η = 0.9 is considered. The single photon
added thermal state is parametrized by n¯. The curves show:
the leading principle 2× 2 minor as a solid line (scaling 102);
the leading principle 3 × 3 minor as a dashed line (scaling
105); the leading principle 4×4 minor as a dotted line (scaling
108); and the leading principle 5 × 5 minor as a dot-dashed
line (scaling 1013).
III. CROSS CORRELATIONS
Now, we may consider the detection of light with more
than one of such detector systems, D > 1. This means,
that we have D detectors at different positions; cf. Fig 1.
The individual detector d ∈ {1, . . . , D} consists itself of
Nd on-off diodes. We readily obtain the joint click count-
ing statistics as
ck1,...,kD =
〈
:
D⊗
d=1
Nd!
kd!(Nd − kd)!
(
exp
[
−ηdnˆd
Nd
])Nd−kd
×
(
1ˆd − exp
[
−ηdnˆd
Nd
])kd
:
〉
, (15)
with kd ∈ {0, . . . , Nd} and the individual quantum effi-
ciencies ηd. For an efficient formulation, it is useful to
recall the multi-index notion. That is, ~k! = k1! · . . . · kD!,
|~k| = k1 + . . .+kD, and ~x~k = xk11 · . . . ·xkDD (for any multi-
index ~k ∈ ND). Moreover multi-indices are ordered as
~k < ~k′, i.e., k1 < k′1, . . . , kD < k
′
D. For our purpose it is
useful to consider a natural generalization. If xˆ1, . . . , xˆD
are given operators, we define
~ˆx
~k = xˆk11 ⊗ . . .⊗ xˆkDD .
Having this notion in mind, we get together with
pˆid = 1ˆd − exp
[
−ηdnˆdNd
]
, (16)
a joint click counting statistics in Eq. (15) in the form,
c~k =
〈
:
~N !
~k!
(
~N − ~k
)
!
~ˆpi
~k
(
~ˆ1− ~ˆpi
) ~N−~k
:
〉
. (17)
Similar to the approach for D = 1, we get the multidi-
mensional generating function for any D as
g(~z) =
〈
:
D⊗
d=1
(
zdpˆid + [1ˆd − pˆid]
)Nd
:
〉
. (18)
Analogously, the ~mth multi-dimensional factorial mo-
ment is described by(
~N − ~m
)
!
~N !
∂|~m|g(~z)
∂~z ~m
∣∣∣∣
~z=~1
= 〈:~ˆpi ~m:〉, (19)
directly in terms of the measured joint click-counting
statistics c~k. A nonclassicality condition is given by the
violation of the positive semidefiniteness of the matrix of
moments,
M =
(
〈:~ˆpi ~m+~m′ :〉
)b ~N/2c
~m,~m′=~0
≥ 0. (20)
In the following, let us restrict to the scenario D = 2.
Hence, we have a joint click-counting distribution of the
form,
ck1,k2 =
N1!
k1!(N1 − k1)!
N2!
k2!(N2 − k2)! (21)
×
〈
:pˆik11 (1ˆ1 − pˆi1)N1−k1 pˆik22 (1ˆ2 − pˆi2)N2−k2 :
〉
,
with pˆid = 1ˆd − exp [−ηdnˆd/Nd] for d = 1, 2. Let us also
note that we used the commonly accepted notion pˆi1pˆi2
instead of pˆi1⊗ pˆi2 for arbitrary powers of these operators.
In this case, the matrix of moments reads as
4M =

1 〈:pˆi1:〉 〈:pˆi2:〉 〈:pˆi21 :〉 〈:pˆi1pˆi2:〉 〈:pˆi22 :〉 . . .
〈:pˆi1:〉 〈:pˆi21 :〉 〈:pˆi1pˆi2:〉 〈:pˆi31 :〉 〈:pˆi21 pˆi2:〉 〈:pˆi1pˆi22 :〉 . . .
〈:pˆi2:〉 〈:pˆi1pˆi2:〉 〈:pˆi22 :〉 〈:pˆi21 pˆi2:〉 〈:pˆi1pˆi22 :〉 〈:pˆi32 :〉 . . .
...
...
...
...
...
...
. . .
 . (22)
Now, we consider the principal second order minor
det
〈:pˆi01 pˆi02 :〉 〈:pˆi11 pˆi02 :〉 〈:pˆi01 pˆi12 :〉〈:pˆi11 pˆi02 :〉 〈:pˆi21 pˆi02 :〉 〈:pˆi11 pˆi12 :〉
〈:pˆi01 pˆi12 :〉 〈:pˆi11 pˆi12 :〉 〈:pˆi01 pˆi22 :〉
 (23)
=〈:(∆pˆi1)2:〉〈:(∆pˆi2)2:〉 − 〈:(∆pˆi1)(∆pˆi2):〉2,
with the variances (d = 1, 2) and the moments,
〈:pˆid:〉 = 1
Nd
N1∑
k1=0
N2∑
k2=0
kdck1,k2 , (24)
〈:pˆi2d:〉 =
1
Nd(Nd − 1)
N1∑
k1=0
N2∑
k2=0
kd(kd − 1)ck1,k2 , (25)
〈:pˆi1pˆi2:〉 = 1
N1N2
N1∑
k1=0
N2∑
k2=0
k1k2ck1,k2 . (26)
This criterion relates the covariance matrix of the joint
click counting statistics with a nonclassicality criterion
for the scenario in Fig. 1.
Let us emphasize again, that for all classically corre-
lated light fields holds
〈:(∆pˆi1)2:〉〈:(∆pˆi2)2:〉 ≥ 〈:(∆pˆi1)(∆pˆi2):〉2. (27)
Note the equivalence between minors of 2 × 2 matrices
and the Cauchy-Schwarz inequality:
det
( 〈φ|φ〉 〈φ|φ′〉
〈φ′|φ〉 〈φ′|φ′〉
)
= 〈φ|φ〉〈φ′|φ′〉 − |〈φ|φ′〉|2 ≥ 0,
(28)
for some |φ(′)〉 = Lˆ(′)|ψ〉. Since |Im〈φ|φ′〉| ≤ |〈φ|φ′〉|, we
get for Lˆ(′) = ∆Kˆ(′) = Kˆ(′) − 〈Kˆ(′)〉, with Kˆ and Kˆ ′
being two Hermitian operators, a relation to uncertainty
principles,
〈φ|φ〉〈φ′|φ′〉 ≥ |〈φ|φ′〉|2 (29)
⇒ 〈ψ|(∆Kˆ)2|ψ〉〈ψ|(∆Kˆ ′)2|ψ〉 ≥
∣∣∣∣ 12i 〈ψ|[Kˆ, Kˆ ′]|ψ〉
∣∣∣∣2 .
Hence, all 2×2 criteria may be formulated as violations of
classical Cauchy-Schwarz inequalities or uncertainty re-
lations. Thus, a violation of the normally ordered cross-
correlation condition in Eq. (27) identifies correlations
which are not present in classical light fields. For higher
order minors, one gets a manifold of nonclassicality con-
ditions which may be successively tested to identify dif-
ferent orders of quantum correlations.
In Fig. 3, we consider a correlation measurement ac-
cording to Eq. (23) for a two-mode squeezed-vacuum
state,
|ξ〉 =
√
1− |ξ|2
∞∑
n=0
ξn |n〉1 ⊗ |n〉2, (30)
with the squeezing parameter ξ (|ξ| < 1). Differently to
the previous example, we measure this state with two
click detector systems. The part |n〉1(2) is measured with
the first(second) detector at the position r1(r2), respec-
tively. For all values of squeezing, 0 < |ξ|2 < 1, we ob-
serve a nonclassical correlation between the subsystems
being directly based on the measured joint click counting
statistics. Let us also point out that the nonclassicality is
determined for a non-unit quantum efficiency (η1, η2 < 1)
for both detector systems.
0.0 0.2 0.4 0.6 0.8 1.0
-4
-3
-2
-1
0
 Ξ¤2
de
t
FIG. 3: (Color online) The correlation minor in Eq. (23)
(scaled by 103) is plotted for a two-mode squeezed-vacuum
state. Each of the systems consists of N1 = N2 = 4 diodes
with a quantum efficiency of η1 = η2 = 0.8.
IV. DETECTION OF SPACE TIME
DEPENDENT FIELDS
In this section, we aim to generalize the description
of the click counting statistics to more general scenarios.
This will include a multi-mode description and a non-
linear response to photon absorption processes. We will
prove that this will not affect the type of statistics, i.e.,
the binomial structure.
5A. General time-dependent radiation
Let us start with a single diode, i.e., D = 1 and N = 1.
The photoelectric detection of light is described by a bulk
of atoms. Each of these atoms may eject a photoelectron,
when it is illuminated with some light. These electrons
produce – by an avalanche process – a current, which is
measured. For an introduction to photoelectric measure-
ments, we refer to Refs. [38] and [2] (chapter 6). The
initial interaction between the atoms and the light field
yields a detector response given by Γˆ(t,∆t), for a mea-
surement within the time interval [t, t + ∆t]. This gives
a probability for the no-click event for a multimode co-
herent light field |{αµ}〉 of the form,
p({αµ}; [t, t+ ∆t]) = 〈{αµ}| ◦◦ exp
[
−Γˆ(t,∆t)
]
◦◦ |{αµ}〉,
(31)
where ◦◦ . . . ◦◦ ≡ T : . . . : denotes the normal- and time-
ordering prescription and each αµ denotes the coherent
amplitude of the mode described by the index µ.
According to the derivation in Ref. [19], it can be read-
ily shown for a quantum state in P representation,
ρˆ =
∫
{d2αµ}P ({αµ}) |{αµ}〉〈{αµ}|, (32)
that the time dependent click counting statistics for N
on-off detectors is given in the form,
ck(t,∆t) =
∫
{d2αµ}P ({αµ}) N !
k!(N − k)!
×
(
p(
{
αµ√
N
}
; [t, t+ ∆t])
)N−k
(33)
×
(
1− p(
{
αµ√
N
}
; [t, t+ ∆t])
)k
,
where k ∈ {0, . . . , N} denotes the number of clicks in the
time interval [t, t+∆t]. Note that each of the N diodes is
equally illuminated with a fraction of 1/N of the initial
field intensity. We define the operator Γˆ(N)(t,∆t) by the
relation
〈{αµ}| ◦◦ exp
[
−Γˆ(N)(t,∆t)
]
◦◦ |{αµ}〉
=p
({
αµ√
N
}
; [t, t+ ∆t]
)
. (34)
In the previously considered, simple cases, we had Γˆ = ηnˆ
and Γˆ(N) = ηnˆ/N . In general, we get for k = 0, . . . , N ,
ck(t,∆t) =
〈
◦◦
N !
k!(N − k)!
(
exp
[
−Γˆ(N)(t,∆t)
])N−k
×
(
1ˆ− exp
[
−Γˆ(N)(t,∆t)
])k ◦◦〉 . (35)
Now, the space time dependent detection, with D on-off
detector systems is given by
c~k(
~t,∆~t) =
〈
◦◦
~N !
~k!( ~N − ~d)!
N⊗
d=1
(
exp
[
−Γˆ(Nd)d (td,∆td)
])Nd−kd
(36)
×
(
1ˆd − exp
[
−Γˆ(Nd)d (td,∆td)
])kd ◦◦〉 .
Here, Γˆd(td,∆td) denotes the response function of a sin-
gle on-off detector at a position rd.
A generalized, time dependent formulation of the ma-
trix of moments is possible, cf. [8, 9]. In this case one
replaces the moments in (20) with time dependent mo-
ments 〈 ◦◦ pˆim1+m
′
1
1 [t1]⊗ . . .⊗ pˆimD+m
′
D
D [tD]
◦◦ 〉, with
pˆid[td] = 1ˆd − exp
[
−Γˆ(Nd)d (td,∆td)
]
, (37)
for d = 1, . . . , D. For simplicity reasons, we omitted the
dependence on ∆t1, . . . ,∆tD. Again, the simplest second
order criterion results in
〈◦◦(∆pˆi1[t1])2◦◦〉〈◦◦(∆pˆi2[t2])2◦◦〉 ≥ 〈◦◦(∆pˆi1[t1])(∆pˆi2[t2])◦◦〉2.
(38)
Contrary to the expression in Eq. (27), this cross corre-
lation may be used to identify temporal correlations and
not only spatial ones. Altogether, we get a hierarchy of
nonclassicality criteria from all minors of the time depen-
dent matrix of moment for correlated measurements at
space time points (r1, t1) . . . (rD, tD).
As an example of dynamics, we consider the decay of
a single photon into a bath. For t = 0 we have a state
|1〉a⊗ |0〉c and bosonic operators aˆ for the field and cˆ for
the bath. The evolution in Heisenberg picture may be
(γ > 0),
aˆ(t) = exp(−γt)aˆ+
√
1− exp(−2γt)cˆ. (39)
Hence, we have a single photon in the electric field with
a probability exp(−2γt). Moreover, a pointlike, broad-
band detector (at position r) is described through the
function,
Γˆ(t,∆t) = ξ
∫ t+∆t
t
dτ Eˆ
(−)
(r, τ) · Eˆ(+)(r, τ), (40)
where ξ characterizes the dipole transition of the atoms
in the detector medium and ∆t the duration of the mea-
surement [2]. The electric field is Eˆ
(+)
(r, t) = E(r)aˆ(t).
Here, the response in the N on-off detector scenario is
given by Γˆ(N) = Γˆ/N . In this scenario of a single photon
state, we get a second order matrix of moment in the
form (D = 1),
det
( 〈 ◦◦ 1ˆ ◦◦ 〉 〈 ◦◦ pˆi[t] ◦◦ 〉
〈 ◦◦ pˆi[t] ◦◦ 〉 〈 ◦◦ pˆi2[t] ◦◦ 〉
)
=− 2〈
◦◦ Γˆ(t) ◦◦ 〉
N2(N − 1) (41)
=− ξ|E(r)|
2
2γN2(N − 1)b(t,∆t),
6which is described by the properly normalized function,
b(t,∆t) = exp[−2γt] (1− exp[−2γ∆t]) . (42)
In Fig. 4, we plot b(t,∆t). Whenever this function is
positive, we have a negative minor in Eq. (41). With an
increasing measurement time, ∆t → ∞ , we approach
the value 1. Additionally, we have limt→∞ b(t,∆t) = 0.
Hence the correlations would disappear together with the
decay of the photon. Note that a coherent light field is
described by a constant function.
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FIG. 4: (Color online) We plot the correlation function
b, measured with a click detector system, depending on the
measurement time t and measurement duration ∆t. We ob-
serve an initially rising behavior of these functions for in-
creasing measurement times, which relates this scenario to
the photon-antibunching measurement with standard detec-
tors; cf. [39, 40].
B. Multimode expansion
We considered monochromatic light fields in Secs. II
and III, and Refs. [19, 20]. Let us now consider the rela-
tion to multimode systems. Analogously to the example
in Eq. (40), we may consider a linear, phase-independent
detection model. This is given by
Γˆ =
∑
µ
ηµnˆµ, (43)
where ηµ is the detection efficiency and nˆµ = aˆ
†
µaˆµ is
the photon number operator of the mode µ. For simplic-
ity, we consider no time dependence – a generalization is
straight forward. On the one hand, a multimode coherent
state |{αµ}〉 yields a click counting statistics,
ck =
N !
k!(N − k)!
(
exp
[
−
∑
µ ηµ|αµ|2
N
])N−k
×
(
1− exp
[
−
∑
µ ηµ|αµ|2
N
])k
. (44)
On the other hand, a monochromatic state |β〉 gives
ck =
N !
k!(N − k)!
(
exp
[
−η|β|
2
N
])N−k(
1− exp
[
−η|β|
2
N
])k
,
(45)
for Γˆ = ηnˆ. If we now consider η|β|2 = ∑µ ηµ|αµ|2
for a choice of η and β, we cannot observe a differ-
ence between the monochromatic case and the polychro-
matic one. More generally, a multimode state ρˆ given
by the Glauber Sudarshan P function in Eq. (32) can-
not be distinguished from a single mode state ρˆ′ =∫
d2β P ′(β)|β〉〈β| with
P ′(β) =
∫
{d2αµ}P ({αµ}) δ
(
η|β|2 −
∑
µ
ηµ|αµ|2
)
.
(46)
Hence, without a loss of generality, a monochromatic
formulation of the system is always possible, when the
assumption of a phase-independent detection process is
justified.
C. Nonlinear detector response
Let us now consider a nonlinear detector response, i.e.,
Γˆ depends nonlinearly on nˆ; cf., e.g., [41, 42]. This may
happen when a nonlinear process dominates the interac-
tion between the light field and the detector atoms. In
this case of a single mode field, the no-click probability
can be described by〈
: exp
[
−Γˆ(N)
]
:
〉
= 〈: exp [−f(nˆ/N)] :〉 , (47)
for a nonlinear function Γˆ = f(nˆ), which is assumed to
be phase independent. Hence, we get for the function f
the nonlinear click-counting statistics as
ck(f) =
〈
:
N !
k!(N − k)! (exp [−f(nˆ/N)])
N−k
× (1ˆ− exp [−f(nˆ/N)])k :〉 . (48)
As an example for such a scenario, let us consider a
single detector, which is based on n0-photon absorption.
7In this case there is no click, if the number of incident
photons is below n0. The probability is〈
: exp
[
−Γˆ
]
:
〉
=
〈|0〉〈0|+ . . .+ |n0 − 1〉〈n0 − 1|〉
=
〈
:
n0−1∑
j=0
nˆj
j!
 exp [−nˆ] :〉 (49)
=
〈
: exp
−
nˆ− log
n0−1∑
j=0
nˆj
j!
 :〉 .
Thus, we have f(x) = x− log
[∑n0−1
j=0 x
j/j!
]
.
Let us consider another scenario where the electric cur-
rent of a photo diode nonlinearly depends on the photon
number. In general, one can perform a Taylor expansion,
Γˆ = c01ˆ + c1nˆ + c2nˆ
2 + . . ., of the phase-independence
detector response. Hence, the nonlinear intensity depen-
dence for a single term is f(x) = xn0 . This yields a
click-counting statistics in the form,
ck(f) =
〈
:
N !
k!(N − k)!
(
exp
[
− ( nˆN )n0])N−k
×
(
1ˆ− exp
[
− ( nˆN )n0])k :〉 , (50)
for k = 0, . . . , N .
In Fig. 5, we compare the click statistics of coherent
states for different nonlinear functions. We observe that
the binomial structure of this classical light field is,
ck(f) =
N !
k!(N − k)! (1− p)
N−kpk, (51)
with p = 1 − exp[−f(|α|2/N)]. Compared with a linear
response, the nonlinear functions give different probabil-
ities p. However, the binomial behavior of coherent light
is preserved. It is also worth mentioning that a function
fν(x) = f(x) + ν yields the description of a dark count
rate ν of the detector; cf. [19].
As an example for a nonclassical state, we consider the
odd coherent state,
|α〉− = N− (|α〉 − | − α〉) , (52)
with α ∈ C \ {0} and the normalization constant N− =
[2(1 − exp[−2|α|2])]−1/2. Here, it is important to recall
that the odd coherent state solely contains odd photon
numbers in the Fock state expansion. Due to the obvi-
ous relation 〈α|:nˆp:| − α〉 = (−|α|2)p exp[−2|α|2], we get
nonlinear moments,
〈:pˆim:〉 =(N −m)!
N !
〈: (1ˆ− exp [−f(nˆ/N)])m :〉 (53)
=
(N −m)!
N !
1
1− exp[−2|α|2]
×
[(
1− exp [−f(|α|2/N)])m
− (1− exp [−f(−|α|2/N)])m exp[−2|α|2]] .
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FIG. 5: (Color online) The click-counting statistics (N = 16)
is shown for coherent state α = 2 for different response func-
tions: (a) a linear function f(x) = x; (b) an affine function
f(x) = x + 2; (c) a quadratic response f(x) = x + 1
4
x2; and
(d) two-photon absorption f(x) = x− log[1 + x].
In Fig. 6, we show the minor 〈:pˆi2:〉 − 〈:pˆi:〉2 of the ma-
trix of moments, which corresponds to a nonlinear QB
parameter; cf. Eq. (13). The negativities of the minor
identify nonclassical light fields, even if details of the de-
tector response, such as its nonlinearities, are unknown.
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FIG. 6: (Color online) The principal leading 2 × 2 minor
(N = 8) is shown for an odd coherent state depending on
|α|2. The response functions are f(x) = x (solid, scaling 104),
f(x) = x3 (dashed, scaling 108), and f(x) = x−log[1+x+ 1
2
x2]
(dotted, scaling 109).
V. SUMMARY AND CONCLUSIONS
In summary, we formulated a hierarchy of conditions
for nonclassical correlations measured with on-off detec-
tor systems. These criteria have been formulated in terms
of matrices of moments. Each principal minor of this
matrix can identify nonclassical quantum states, if it be-
8comes negative. We demonstrated that higher order mo-
ments can detect quantum effects beyond the second-
order criterion. Let us stress that these moments are
based solely on the measured click-counting statistics; a
pseudoinversion to the photon statistics is superfluous.
We generalized these conditions to correlation measure-
ments of joint click counting statistics for multiple detec-
tor systems. Based on this method, quantum correlations
between radiation fields can be revealed.
We have shown that a generalized detection theory can
be applied to systems of on-off detectors. The binomial
behavior of joint click counting of coherent light is un-
changed for different types of response functions, even
for a nonlinear detection model. The corresponding non-
classicality criteria hold true and can be directly applied.
Quantum effects can be identified by our method, al-
though some features of the detector – such as the re-
sponse behavior – might be unknown.
In addition, we outlined that the matrix of moments
allows a general space-time-dependent identification of
quantum effects. For this reason, we studied the descrip-
tion of the click counting statistics for time-dependent
measurement processes. Altogether, on the basis of our
method a more efficient application of multiplexing and
array detectors becomes feasible.
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